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The velocity slip of gas flow in a micron channel has been widely recognized. For pressure driven liquid flow in a macro pipe, the 
minute velocity slip at the wall boundary is usually neglected. With a decreasing scale in the cross section of the flow passage, the 
effect of velocity slip on flow and heat transfer behaviors becomes progressively more noticeable. Based on the three Hamaker 
homogeneous material hypotheses, the method for calculating the acting force between the solid and liquid molecular groups is 
established. By analyzing the forces exerted on the liquid group near the pipe wall, it is found that the active force arising from the 
rough solid wall can provide the component force to resist the shearing force and keep the liquid group immobile. Based on this a 
velocity slip criterion is proposed. Considering the force balance of a slipping liquid group, the frictional force caused by the solid 
wall can be obtained and then the velocity of the liquid group can be calculated using the derived coefficient of friction. The in-
vestigation reveals that, in a micron pipe, a small velocity slip may occur when the flow pressure gradient is relatively large, and 
will cause errors in the pipe flow estimates. 
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Fluid flows in the channels of micro pumps, valves, ejectors 
and mixers are usually driven by pressure differences. 
These micro channels with diameters ranging from nano-
meters to microns are the functional elements of heat and 
mass transmission in microfluidic systems. The effects of 
the surface topography and acting force of the solid bound-
ary wall will result in the deviation of the flow behavior of 
the fluids at microvolumes from the flow in macro channels. 
Consequently, increasing attention is being paid to the ve-
locity slip at the wall boundary.  
The velocity slip has a great influence on the velocity 
and temperature distributions of fluid flow. The basic as-
sumption in classical fluid dynamics is that the velocity of 
fluid at the wall boundary is strictly in accordance with that 
of a wall. However, research has revealed that once the 
shear rate is larger than a critical value, there will be velocity  
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discontinuities and slip near the wall boundary. Most inves-
tigations on velocity slip concentrate on gas flow in micron 
channels because of the relatively small viscosity and large 
spacing voids between gas molecules. Based on the Max-
well first-order velocity-slip boundary condition, Xie et al. 
[1] introduced the second-order velocity-slip boundary con-
ditions into the Navier-Stocks Equations to expand their 
field of application. Sparrow et al. [2] found that both the 
drag coefficient and the coefficient of heat transfer in micro 
circular pipes are smaller than in macro scale pipes. The 
velocity slip and temperature jump are considered in ana-
lyzing the Graetz problem [3], and the two conditions are 
also used in solving the Navier-Stokes and energy equations 
for the incompressible gas flow in micro annular channels 
[4] and rectangular channels [5]. Xu et al. [6] found that the 
velocity slip is largely determined by the fluid temperature 
and attractive force of the wall.  
Because of the complication and difficulty of measuring 
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in the very small scale of the micron gap, the value of ve-
locity slip is very difficult to measure directly. The molecu-
lar dynamic simulation method has been widely applied in 
the study on velocity slip of gas flow in nano channels. 
Thompson investigated the velocity slip of liquid argon film 
using the spherical molecular model [7]. Wang et al. per-
formed a molecular dynamics study of the interfacial slip 
behavior of ultrathin lubricating films [8]. The non-equilib- 
rium molecular dynamics simulation was used by Cao et al. 
[9] to investigate the Couette flow in nanochannels, and 
different slip behaviors, such as velocity slip, interfacial 
no-slip and negative slip, were found. The velocity slip in a 
nanometer fluid film, which increases rapidly with increas-
ing film thickness, was found to occur for relatively small 
shear rates [10]. Later research indicates that the lamination 
and slip between adjacent layers always exist in a nanome-
ter lubrication film [11]. Bao et al. investigated the flow and 
heat transfer in micro Couette and Poiseuille flow using the 
Burnett simulation method [12–14]. Wu et al. studied the 
pressure driven transient flow of an incompressible Newto-
nian fluid in micro tubes with a Navier slip boundary condi-
tion [15]. Furthermore, the velocity slip of the lubrication 
film was experimentally investigated by Yuan et al. [16], 
Miao et al. [17], Zhou et al. [18] and Wu et al. [19], includ-
ing its existence in sliding bearings. However, when the 
cross-section of the pipe is of micron scale, the molecular 
dynamics simulation method becomes inappropriate be-
cause of the very large number of molecules. 
Considering that the viscosity of liquid is usually larger 
than that of gas, the velocity slip of liquids in micro chan-
nels and pipes is often neglected when analyzing the flow 
characteristics. However, in a high precision flow instru-
ment with nanometer or micron pipes, the velocity slip will 
influence the flow to some extent. This paper presents a 
theoretical analysis of the velocity slip of liquid flow in mi-
cron pipes. The velocity slip criterion will be put forward to 
identify whether the slip of the liquid layer near wall 
boundary will occur or not, and the method for calculating 
the value of velocity slip will also be given. 
1  Model of pressure driven liquid flow in micro 
circular pipe 
Figure 1 illustrates the lengthwise section of a circular pipe, 
where p1 and p2 are the inlet and outlet pressures; r and z are 
the radial and axial coordinates; v(r) is the velocity distribu-
tion function of liquid and Δv is the value velocity slip. 
Compared with the inner radius, the degree of roughness 
of the inner wall cannot be neglected and the flow is as-
sumed to be a laminar current of Newtonian fluid. Accord-
ing to the Newtonian shear law, v(r) is of the form 
( ) 2 1 2ln ,4
Cp rv r r C
L μ μ
Δ= − + +           (1) 
 
Figure 1  Model of pressure driven flow in circular pipe. 
where Δp=p1–p2, μ is the dynamic viscosity of fluid and L is 
the length of the pipe. C1 and C2 are undetermined constants 
that can be solved using the two boundary conditions, 
namely the zero shearing stress at r=0 and the velocity at 
the wall boundary v(R)=Δv. Hence v(r) can be expressed by  
( ) ( )2 2 ,4 pv r r R vLμΔ= − + + Δ            (2) 
where R is the inner radius of the pipe. The shearing force 





τ Δ= −                  (3) 
Eq. (3) indicates that the shearing stress is relative to the 
pressure gradient along axis z and the radius r. The velocity 
slip Δv does not affect the distribution of shearing stress 
τ(r). 
2  Calculation of acting force between solid wall 
and liquid 
The viscosity of liquid, which is initiated by cohesion and 
adhesion forces between molecules, makes it possible to 
adhere to the solid wall, and it appears only when the liquid 
is bearing a shearing stress. However, the acting forces be-
tween liquid molecules always exist because of their poten-
tial energy. Because the movements of liquid molecules are 
highly random, it is impossible to calculate the total acting 
force between a solid wall and fluid by counting all the act-
ing forces arising from innumerable solid and fluid molecu-
lar pairs. 
2.1  Acting force between molecular groups 
The three Hamaker hypotheses give the theoretical basis to 
resolve a discrete problem by the integration method, which 
can be described by (1) The force between two substances is 
the sum of the forces on molecular pairs (each of the mole-
cules in M1 generates pairs with every molecule in M2, in 
Figure 2). (2) The substance is made up infinitesimally by the 
volume dv and the digital density ρ continuously. (3) For one 
substance, the digital density ρ and the constants of repulsive 
and attractive forces are invariant. The three hypotheses have  
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Figure 2  Model of fluid molecular groups. 
been well developed [20, 21] and applied. According to the 
three Hamaker homogeneous material hypotheses, the con-
tinuous liquid can be assumed to be made up of numbers of 
fluid molecular groups with certain shapes and digital den-
sities. Each group is composed of homogeneous molecules. 
Figure 2 shows the models of fluid molecular groups M1 
and M2, where V1 and V2 are the contained volumes of the 
boundaries of M1 and M2. The two groups are composed of 
many discrete fluid molecules and these molecules are as-
sumed to be stationary. Then the calculation of the acting 
forces between randomly moving molecules can be substi-
tuted by calculating the acting force between the two mo-
lecular groups consisting of stationary molecules.  
The Lennard-Jones 12-6 potential model is used to cal-





σ σε ⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎢ ⎥⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
              (4) 
The inner forces between the molecules in a group have 
no influence on the motion of the group, therefore only the 
force between one molecule in M1 and the other molecule in 
M2 is considered. The molecular force initiated by the Len-
nard-Jones potential can be calculated by 
( ) ( ) ( )1 213 7 ,A Bf l f l f ll l= − = −             (5) 
where f1(l) is the repulsive force and f2(l) is the attractive 
force, and A and B are constants. The total acting force be-
tween M1 and M2 can be obtained by integrating f(l): 
( ) ( )
2 1
1 2 1 2 1 2d d ,
V V
F f l f l v vρ ρ ⎡ ⎤= −⎣ ⎦∫∫           (6) 
where ρ1 and ρ2 are the digital densities of M1 and M2.  
So far, only the complicated analytical equation for cal-
culating the acting force between two groups with spherical 
boundaries has been derived [20–22]. For the rectangular 
group used in this paper, the integration procedure is too 
complex to give the corresponding analytical equations. 
Hence, the acting force is calculated by a numerical integra-
tion method. 
2.2  Geometrical parameters of molecular group 
Although the molecular group size is larger than the diame-
ter of a molecule, it is much smaller than the radius and 
length of a micron pipe. Considering the liquid layer near 
the solid wall, a rectangular group with width w1 can be 
extracted from the layer and the corresponding wall group 
with width w2 is also established, as Figure 3 illustrates. h1 
and h2 are the heights of the two groups, and Δ is the clear-
ance between the two groups. These geometrical parameters 
should be determined according to the effective range of the 
acting force. The thickness of the two groups is 1×10–8 m. 
The fluid in the analysis is liquid argon (Ar), the solid 
molecule is an assumptive one (X), and their potential en-
ergy equations are both in the form of eq. (4). The physical 
parameters of molecules Ar and X are listed in Table 1. 
The collision diameter of liquid and solid molecules σ12 








σ σ +=               (7) 
Because the two groups are symmetrical about the coor-
dinate y, the acting force component along coordinate x is 
zero. The effect of clearance δ on the acting force is very 
obvious, as can be seen in Figure 4, where Fy is the force 
component along coordinate y. In the range of δ from 
1×10–14 to 1×10–12 m, the change in Fy is small because of 
the interaction between attractive and repulsive forces. Once 
δ is larger than 1×10–12 m, Fy reduces rapidly. In this exam-
ple, h1=h2=1×10
–8 m, w1=w2=1×10
–8 m. The attractive force 
is much larger than the repulsive force. Therefore, the re-
sultant force makes the two groups attract each other. The 
appropriate value of δ is 1×10–13 m. 
 
Figure 3  Rectangular models of liquid and solid groups. 1, Liquid mo-
lecular group; 2, solid molecular group. 






Potential energy constant 
ε (J K–1) 
Ar 1 6.633×10–26 1.67×10–21 








Ar 3.47×10–10 3.71×10–10 1.94×1028 
X 2.75×10–10 2.17×10–11 7.80×1028 
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Figure 4  Change of Fy with δ. 




–8 and δ=1× 
10–13 m. Fy increase when w1 increases from 1×10
–8 to 
2×10–8 m, but it barely changes when w1>2×10
–8 m.  
Similarly, when w1=1×10
–8 m and w2 increases from 1×10
–8 
to 1×10–7 m, the range of w2 which results in the increase of Fy 
is also from 1×10–8 to 2×10–8 m. Therefore, for the given liquid 
molecular group, the effective width of the solid group is sug-
gested to be double the width of the liquid group.  
Figure 6 illustrates the change regularity of Fy with the in-
creasing h1. Because the acting range of potential molecular 
energy is only several times as great as the collision diameter 
σ, once h1>4×10–9 m, the increase of h1 will not result in an 
obvious increase of Fy. The increase of h2 results in a similar 
regularity to that shown in Figure 6. Therefore, h1=1×10
–8 m 
and h2=1×10
–8 m can satisfy the calculation precision of the 
maximum acting force between the two groups.  
The acting force between two liquid molecular groups 
(Figure 7) is a little smaller than that between the liquid and 
solid groups because the potential energy of solid molecules 
is larger than that of liquid molecules, as can be seen in Fig-
ure 8, where w1=1×10
–8 m and δ=1×10–13 m. Figure 8 indi-
cates that the acting force between the two liquid molecular 
 
Figure 5  Change of Fy with w1. 
 
Figure 6  Change of Fy with h1. 
 
Figure 7  Model of two liquid molecular groups. 1, Liquid molecular 
group; 3, above liquid molecular group. 
groups is also limited. Hence, it is possible for the solid wall 
to attract the liquid group because the attractive force aris-
ing from the solid wall may be larger than that from the 
above liquid group. 
3  Occurrence of boundary velocity slip 
3.1  Shearing stress in liquid layers near a solid wall 
There are two adjacent liquid groups in Figure 9. When 
affected by shearing stress and velocity gradients, the two 
groups a-b-c-d and e-f-g-h will deform to be a'-b'-c'-d' and 
e'-f'-g'-h' respectively after a time step. In this process, the 
component forces Fx and Fy between the two groups will 
 
Figure 8  Change of Fy with h1 and h2. 
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Figure 9  Shear model of two adjacent liquid groups. 
change with the angular deformation α, as Figure 10 illustrates. 
When the two groups are moving relative to each other, 
the component forces Fx and Fy are not constant and do not 
relate to the velocity. The component force Fx cannot be 
regarded as the shearing force between the two groups be-
cause the shearing force must be relative to the velocity 
gradient. Therefore, the shearing force between the two 
groups cannot be calculated using the method proposed in 
Section 2.1.  
According to eq. (3), the shearing stress in liquid layers 
near a solid wall can be calculated, and the result is shown 
in Figure 11. The calculating parameters are: R=1.0×10–3 m, 
L=0.1 m, p1=1.1×10
5 Pa, p2=1.0×10
5 Pa and Δr=R–r. It is 
obvious that the shearing stress τ changes linearly along the 
radial direction and the maximum shearing stress is located 
at the wall boundary.  
3.2  Forces on liquid group near solid wall 
The real surface of the solid wall is rough, with randomly 
distributed peaks and valleys. At nanometer dimensions, the 
surface is composed of solid molecules, which are always 
exposed to liquid molecules. The direction of the acting 
force exerted on the liquid group can be along the direction 
 
Figure 10  Changes of Fx and Fy with angular deformation α. 
 
Figure 11  Shearing stress τ vs. Δr. 
n shown in Figure 12(a), or it can be along n′ shown in Fig-
ure 12(b) on the premise that θ is relatively small. 
If the direction of the acting force exerted on the liquid 
molecular group is normal to the direction of shearing stress 
arising from the above liquid group 3, the liquid molecular 
group 2 cannot remain stationary. Under the effect of the 
shearing force, the liquid group 2 will deflect and the direc-
tion of the acting force will also change. The component of 
the acting force may then resist the shearing force and the 
liquid group may be stationary.  
The simplified rough surface of the solid wall is com-
posed of inclined surfaces, as Figure 13 illustrates. The in-
clination angle η relates to the inclination degree of the liq-
uid group, and the change of roughness of the solid wall can 
be realized by changing the dimension l when η is given. 
The forces exerted on the liquid molecular group can be 
seen in Figure 14. Fy is the acting force arising from the 
solid group, Fs is the shearing force and the Fu is the acting 
force arising from the above liquid group. If the sum of the 
three forces equals zero, the group can be stationary. 
The area of the upper surface of the liquid group is constant 
in the following analysis. Because of the deformation of the 
group, both Fy and Fu will change during the course of defor-
mation. With the increase of Fτ, θ decreases correspondingly, 
 
Figure 12  Direction of acting force arising from solid. 
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Figure 13  Rough solid wall and near liquid molecular group. 
 
Figure 14  Forces on liquid group near rough wall. 
and the change of the resultant force F1 is unknown. For the 
solid surface, the width of the liquid group changes from w1 
to 1w′ , and 1 1 sinw w θ′ = . Because Fu is a complicated 
function of θ and θ=arctan(Fu/Fs), θ is solved according to 
the flow process shown in Figure 15. 
3.3  Slip of liquid molecular group 
The operation condition which influences the shearing stress 
at the wall boundary is the pressure gradient Δp/L. The 
change regularities of F1 and Fy with the increase in pressure 
gradient are illustrated in Figure 16, where k=Δp/2L. 
Both F1 and Fy reduce when k increases, but the decreas-
ing amplitude of Fy is generally smaller than F1. When 
k>8.7×103 Pa m–1, Fy is smaller than F1, which means the 
solid group cannot drag the liquid group any more, and slip 
of the liquid group occurs. 
Except for the operation parameters, the parameters in 
 
Figure 15  Flow process of calculating θ. 
 
Figure 16  Changes of F1 and Fy with k. 
the potential energy equation of the molecules also contrib-
ute to the slip velocity of the liquid group. For instance, if 
the potential energy constant of liquid molecules ε1 in-
creases, the difference between ε1 and ε2 reduces and the 
value of k results in the slip of liquid group being less than 
8.7×103 Pa m–1. 
4  Calculation of slip velocity 
4.1  Forces on slipping liquid group 
Once the slip of the liquid group occurs, the direction of the 
force Fy exerted on the liquid group is normal to the wall. 
Moreover, the frictional force arising from the rough wall Ff 
will be exerted on the liquid group (Figure 17). Fp1 and Fp2 
are generated by liquid pressure on the left and right sides 
of the liquid group.  
These forces shown in Figure 16 should satisfy the equi-
librium conditions expressed by 
 ,u dF F=  (8) 
 1 2 .p p fF F F Fτ− + =  (9) 
4.2  Coefficient of friction of liquid at wall boundary 
The movement of a molecule is always inhibited by the 
acting forces arising from the surrounding molecules, and 
this retarding effect can be defined as the frictional force. 
The frictional force linearly relates to the velocity of the 
molecule [23], and can be expresses by 
( ) ( ) ,F t mv G tβ= − +              (10) 
 
Figure 17  Forces on liquid group under slip conditions. 
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where G(t) is the randomly undulant force, β is the coeffi-
cient of friction, m and v are the quality and velocity of the 
molecular. 
Rice et al. [24] gave the expression of β in spherical co-
ordinates: 
( )




2 sin d d d ,
3
U Ur g r r
m r rr
ρβ θ θ φ
∞⎡ ⎤⎛ ⎞∂ ∂= +⎢ ⎥⎜ ⎟∂∂⎢ ⎥⎝ ⎠⎣ ⎦∫ ∫ ∫  (11) 
where ρ is the number density of the molecular liquid, and 
g(r) is the equilibrium radial distribution function of the 
molecules, which holds 




⎡ ⎤= −⎢ ⎥⎣ ⎦
              (12) 
where T is absolute temperature and kb is the Boltzmann 
constant.  
Generally, the solid molecules will influence the distri-
bution of the near liquid molecules, so two assumptions are 
put forward to counter the effect of solid molecules: (1) The 
distribution of liquid molecules cannot be changed by solid 
molecules and the acting forces between liquid molecules 
cannot be disturbed by solid molecules; (2) The solid mo-
lecules distribute homogeneously and the equilibrium radial 
function is equal to 1.  
Figure 18 illustrates a spherical volume; the liquid 
molecule whose coefficient of friction β is to be determined 
is located at the wall boundary where the center of the 
spherical volume is located. The retarding effect on the liq-
uid molecules arises from the solid and liquid molecules in 
the volume.  
For the upper half of the sphere v1, the coefficient β1 can 
be calculated using 
( )




2 sin d d d .
3
U Ur g r r
m r rr
ρβ θ θ φ
∞⎡ ⎤⎛ ⎞∂ ∂⎢ ⎥= +⎜ ⎟∂∂⎢ ⎥⎝ ⎠⎣ ⎦∫ ∫ ∫ (13) 
The coefficient β2 for the lower half of the sphere v2 can 
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ρ θ θ φ
∞ ⎛ ⎞∂ ∂= +⎜ ⎟∂∂⎝ ⎠∫ ∫ ∫    (15) 
 









ρ θ θ φ
∞ ⎛ ⎞∂ ∂= +⎜ ⎟∂∂⎝ ⎠∫ ∫ ∫     (16) 
where ρs and Us are the number density and potential energy 
function of the solid molecules. Then the coefficient of fric-
tion of the liquid molecules β can be obtained by 
2 2
1 2 .β β β= +                  (17) 
Eqs. (13), (15) and (16) can be solved by numerical inte-
gration methods. With the parameters listed in Table 1, the 
coefficient of friction of the liquid at the wall boundary is 
1.961×1013 s–1. Using this coefficient and eq. (9), the slip 
velocity Δv, namely the velocity of the liquid molecular 
group near the solid wall, is obtained and increases with the 
increasing pressure difference Δp, as Figure 19 illustrates. 
Although the magnitude of the velocity slip Δv is small, 
the velocity slip does exist in the pressure driven micron 
pipe. The flow error induced by Δv will become more and 
more obvious when the radius of the pipe reduces. For ex-
ample, when Δp= 0.5×105 Pa and R= 6.25×10–5 m, the flow 
error initiated by Δv is about 0.37%. If the inner radius of 
the pipe decreases, the error will be enlarged. 
The velocity slip exhibits the proportional relationship 
with the pressure difference, and that is in accordance with 
the experimental results given in [16] and [17]. So for there 
is no analytic equation for calculating the velocity slip of 
fluid flow in a pipe, and the theoretical results should be 
verified by experiments. To describe the slip characteristics 
of fluid on the solid surface, Navier introduced a general 
boundary condition, namely the fluid velocity component 
tangential to the solid surface and relative to the solid sur-
face, which is proportional to the shear stress on the flu-







∗Δ = −                 (18) 
where l* is the slip length which can be determined accord-
ing to eq. (19) by measuring the flow rate Q [15]. 
 
Figure 19  Velocity slip Δv vs. pressure difference Δp. 







μ = +Δ                (19) 
If l*=0, there is no velocity slip occurring. Once l*>0, this 
indicates that velocity slip at the wall boundary exists, and 
the real flow rate must be larger than that corresponding to 
the zero velocity slip condition. Future research will aim at 
revealing the velocity slip regularity of fluid flow in a mi-
cron pipe by an experimental method. 
Using the Hamaker hypotheses, the randomness of fluid 
molecular movement is ignored; therefore, the effect of tem-
perature on the slip velocity cannot be considered. Further-
more, according to the kinetic theory, the slip velocity is 
mainly determined by the collision process among the fluid 
molecules and the solid wall which can be characterized by 
direct reflection and scattered reflection. The effect of the 
surface topography of the solid wall is not considered, either. 
5  Conclusions 
The liquid velocity slip at the wall boundary of a micron 
pipe, which has great influence on the flow and heat transfer 
behaviors, is investigated. The velocity slip is mainly re-
lated to the wall property and shearing stress of the liquid at 
the wall boundary.  
This paper provides a method to determine the velocity 
slip condition based on the force analysis for the liquid 
group near the solid wall. The mass distribution of the liq-
uid molecules is considered to be continuous and the acting 
force between the liquid and solid wall can be calculated by 
an integration method without considering the random mo-
tion of molecules. The appropriate geometrical parameters 
of the liquid molecular group are determined by analyzing 
the effective action range of the molecular force. The sim-
plified rough surface can drag the liquid group on the basis 
that the acting force arising from solid wall can provide 
enough component force to resist the shearing force. The 
potential energy parameters of liquid and solid molecules 
and the shearing stress in the liquid influence the condition 
of velocity slip occurring. 
Once the velocity slip of the liquid group occurs, the liq-
uid group will bear the frictional force induced by the solid 
wall. The frictional force is directly proportional to the ve-
locity of the liquid group. Using the derived coefficient of 
friction of liquid molecules, the magnitude of the velocity 
slip can be obtained.  
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